
VOL. 24, NO. 8, AUGUST 1986 AIAA JOURNAL 1219

Recent Developments in Rotary-Wing Aerodynamic Theory

Wayne Johnson
NASA Ames Research Center, Moffett Field, California

Introduction

ROTARY-wing flowfields are as complex as any in aero-
nautics. The helicopter rotor in forward flight involves

three-dimensional, unsteady, transonic, viscous aerodynamic
phenomena. Helicopter aerodynamic theory benefited greatly
from the introduction of digital computing methods.1 Rotary-
wing problems still provide a stimulus for development and
opportunities for application of the most advanced computa-
tional techniques.

The present survey examines the progress in development
of advanced computational methods for rotary-wing aero-
dynamics. The mathematical basis for the principle lines of
investigation is summarized. With this common background,
the recent published work in each area is reviewed. It is the
intent that this survey cover not the computational tech-
niques that could be, but rather those that have been applied
to rotary-wing aerodynamics. The literature review gives
specific information about approaches that are proving fruit-
ful and illustrates the current level of success of the theories.
Finally, an assessment is given of the status and direction of
rotary-wing aerodynamic theory.

Inviscid, potential aerodynamics is the primary field for
most of the advanced methods for rotors. The computa-
tional burden is still a major consideration, so many com-
pressible and unsteady problems can be practically treated
only with potential theory. Lifting surface theory solves the
linearized problem, using the result for a moving singularity,
often of the acceleration potential. Panel methods use sur-
face singularity distributions to solve problems with non-
linear geometry. Transonic rotor analyses use finite dif-
ference techniques to solve the nonlinear flow equation,
typically for the rotor advancing tip.

The rotor wake is a factor in almost all helicopter prob-
lems. A major question in advanced aerodynamic methods is
how the wake can be included. Wake formation must at
some level be considered a viscous phenomenon and the
helical geometry of the helicopter wake means that the
detailed structure is important even at scales on the order of
the rotor size. A number of new approaches for modeling
the wake are being developed. Also, the transonic
blade/vortex interaction problem is being investigated as a
guide for including vorticity in the flow calculations.

A useful rotor aerodynamic theory must account for the
effects of viscosity, such as wake formation and blade stall,
which are important for even moderate operating conditions.
Navier-Stokes calculations of the entire rotor flow are well
beyond present capabilities, so a hybrid method is likely to
be used. Lifting line theory is still the only practical viscous
method for rotors. Dynamic stall is a helicopter problem
involving two-dimensional, unsteady flow with large-scale
viscous effects. Dynamic stall is being analyzed using a
number of advanced methods, including the solution of the
turbulent, Navier-Stokes equations.

Potential Theory
Potential theory requires the assumptions that the

flowfield is inviscid, irrotational, and isentropic. With con-
centrated vorticity in the wake and weak shocks on the rotor
blades, these are normally good assumptions. In spite of the
inviscid assumption, it is necessary to address in some man-
ner wake formation, stall, and drag calculation. Often the
additional assumption of incompressibility is introduced for
rotor analyses, particularly for unsteady problems. Ashley
and Landahl2 and Garrick3 provide derivations of the poten-
tial equation.

Consider a fixed reference frame (x,y,z,t), with the fluid at
rest at infinity. An initially irrotational, uniform, inviscid
fluid remains irrotational. Irrotationality (V xv = 0) implies
the existence of the velocity potential 0, such that velocity
v = V c / > . A wing moving relative to a fluid at rest is con-
sidered because of the need to deal with rotating as well as
translating wings. While v and </> may therefore be con-
sidered perturbations, they are not necessarily small. In-
troducing a coordinate system moving with the wing will in-
fluence the equations and boundary conditions, but does not
change the definition of </> as the potential relative to the
fluid at rest.

For an irrotational flow, uniform and at rest at infinity,
the inviscid equation of momentum conservation integrates
to Kelvin's equation:

1 , [p dp^ + — — ^ 2 + -^ =
2 Jpoo O
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where p is the pressure and p the density. For isentropic
flow, the local adiabatic speed of sound is a2=yRT, where 7
is the ratio of specific heats. It follows that p/p^ =
and, hence, the pressure is

z, z

< 7 2 \ 7 / ( 7 - 0 - I T/(T-D

Then, the equation for mass conservation gives

/o Dt 7-1

with v= V0, and

Thus, the equation for the velocity potential relative to still
air, in tensor form, is

a2 V 2e/> = <A,,

The corresponding conservative form is

The linearized equation of motion is the wave equation,
fli V20 = </>/M with (p— Poo) /Poo = —</> / • For incompressible
flow, the potential equation reduces to the Laplace equation,
V2<£ = 0, with (p -Pn) /Pa, = -(</>,+ !/2t>2).

The acceleration potential ^ can be defined by considering
the momentum equation: Dv/Dt- — ( Vp)/p= V^. Hence,
\[/= — {(1/p )dp = </>,+ !/2i;2, which is a nonlinear relation be-
tween the acceleration and velocity potentials. It is necessary
to assume small disturbances in order to relate ^ and </>
in a practical manner. The linearized relation is \// =
— (p—p00)/Pa0=<t>t and the acceleration potential is a solu-
tion of the wave equation.

The boundary condition at infinity is v = 0 and p=p(X',
hence, V</> = </>, = 0, which implies </> = 0 (still air). For an in-
viscid fluid, the boundary condition at a solid body defined
by the surface F(x,t) = 0 is DF/Dt = Ft + v VF=0. The time
derivative of F= 0 (on the body surface) yields Ft -
— VF-v^, where vb is the body surface velocity. Thus, the
boundary condition is that there be no flow normal to the
surface: n-v = d(l)/dn = n-vb, where the body normal is
n= vF/lvFl. If the body is defined by z = g(x,y,t) (i.e.,
F=z-g)t then the boundary condition is vz=gt + vxgx
+ vygy on z = g. The linearized boundary condition is vz=gt
on z = 0.

A wake is a vortex surface, which allows a tangential
velocity jump but no normal velocity or pressure difference:
Avn = 0 and Ap = 0 (where A means the upper surface value
minus the lower surface value). Then, Kelvin's equation
gives A</>, + !/2A(y2) = 0, or A</>, + vw- VA</> = 0 with vw =
l /2(vw + v f) . So the potential difference A</> is constant for a
point on the wake surface that is convected with the veloc-
ity vw.

Rotating Coordinate System
Consider the transformation from inertial axes (t,r)

relative to the still air, to moving axes ( t ' , r f ) that contain
the principle translation and rotation of the rotor (Fig. 1).
Typically, the rotating yr coordinate will be the rotor blade
span axis, although in fact the rotor can be placed anywhere

Fig. 1 Definition of rotating and translating coordinate system.

in the moving frame. The rotor is rotating at rate Q, with the
azimuth angle \[/ = ttt measured from downstream. The rotor
has translation velocity V^ in the x-z plane, with the angle /
relative to the x axis (positive for climb). So the rotation and
translation vectors are

-l Otan/) r

where /*= V^cosi/QR is the advance ratio and R the rotor
radius. The coordinate transformation is r = nt' + (Rr' and
t = tf , with the rotation matrix

(R =

sin\l/ cos\l/ 0

- cosi/' s'm\l/ 0

0 0 1

Then the derivatives are

V = V

—=—dt~~dTr+ * V

where V is the velocity of the air relative to the moving
frame,

— ttx'

Also required is the acceleration,

0

After the transformation to the rotating frame has been ac-
complished, the primes may be omitted for simplicity.

The potential equation is transformed by substituting for
the derivatives. The scalar </> remains a perturbation poten-
tial, although not necessarily small, defined relative to the
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still air. With £/= V+ V</>, the potential equation in tensor
form becomes

and

As a result of rotation, the velocity V varies with time and
space and Cqriolis and centrifugal terms are introduced in
the form of V. The linearized potential equation is obtained
by setting U=V. The incompressible equation is still

The boundary condition on a solid body F=0 becomes
F,+ £/-VF=0, or n-v-d(t>/dn = n' (vb— F), where now vb
is the body velocity relative to the moving frame. With
F=z—g, the boundary condition is Uz=gt + Uxgx + Uygy on
z = g, which linearizes to vz=gt+ Vxgx + Vygy — Vz on z = 0.

Lifting Surface Theory
Lifting surface theory solves the linearized equation of

motion, generally using the acceleration potential. The
development provides the result for a moving singularity,
which has other uses in rotary-wing theory as well.

Moving Singularity
The acceleration potential satisfies the wave equation.

Moving singularities in a fixed reference frame are con-
sidered here. For a thin wing surface, A^ = — Ap/p^, while
on the wake surface Ai/> = 0. Hence, the wing is represented
by a distribution of singularities over the planform. The
linearized boundary condition is d<f>/dz = w, with the velocity
potential obtained from the integral of <l>t = \l/.

A solution of the wave equation is a stationary dipole at
position .y,

d f(t~s/a)
dnv 4 ITS

where s = x—y, f ( t ) is an arbitrary function of time, and
d(...)/dny=n- V^ is the gradient in direction n. Evaluating
the acceleration potential near a surface distribution of
dipoles, with n the surface normal, shows that /=
At^= — AP/PQO, the force in the normal direction. Another
solution is a stationary velocity potential source,

_ q(t-s/a)
5 4irs

A surface distribution of sources gives q= -A(d<£/d/i) and
hence can represent the wing thickness.

The derivation of a moving singularity follows Garrick.3

Consider the potential at x produced by a source at y(r),
replace/(O with f ( r ) d ( r — t) and integrate over r,

f(r)d(r-
dr = f dr

47TS dr*

-[^/^ ]

where the square brackets denote the retarded time r*=0
or the so lu t ion of r = t — s/a and aMr = - ds/dr

= s- (dy/dT)/s = as-M/s. Then, the moving dipole is

/ i
-M r)Jdny 47rs(l

= r / ds i A / 3s~\
~ L 4irs2(l-Mr) dn \-Mr dr 4-jras(l-Mr) dn J

f
47T53(l

n-s | 3 fn-s 1
l-M r) + dt 4iras2(l-Mr) J

Including a potential source, the result is

* =
f n - s f n - s

dt 4-Kds2(\-Mr) dt 4irs(l -Mr)

(1)
which is the acoustic formulation used by Farassat.4 The
thickness term will not be considered further here. For aero-
dynamic problems, the surface pressure is the unknown to be
obtained from the boundary condition on the velocity poten-
tial. Integrating the acceleration potential gives the velocity
potential for a moving dipole,

To fn-s
-co 47TS3

dr +
f n - s

4iras2(\-Mr)
(2)

where TO is the solution of TQ = tQ — s ( T Q ) / a . This is the aero-
dynamic formulation used by Dat.5 Farassat6 noted the
equivalence of the acoustic and aerodynamic formulations
and discussed the aerodynamic applications.

Represent the wings by a surface of dipoles and apply the
boundary condition to obtain a singular (Mangier-type) in-
tegral equation for the loading/= —

d f
w(*,f0) = lim--—

x-A dnx Jwmg!

f r ^ fro fn-s=L^m
A-^[\-.-4^dr

+ 4«a£l-Mr) J^00

The integral equation for incompressible flow becomes

(3)

f f f ' ° / ( nv'nx 3ny-snx-s\ J ^) , A / xw(x,t0)= lim j-l-L-L —— y jdr A400
J wings X-A U -°° 47T \ S5 S* / J

(4)

For compressible flow, the derivative with respect to nx can
also be evaluated analytically, but the result is much more
complicated. Note that the required derivatives are of the
form

dG
———

The vector s connects a point on the present wing surface (jc)
with a point on the wing at a retarded time y. So ^-5 = 0
and ny-nx= 1 if the wing and wake are planar. For a fixed
wing, it is consistent with the linearization to neglect any
warp of the wing and wake surfaces. For a rotary wing, it
may also be possible to neglect the warp; the important ef-
fect of rotation is that the denominator becomes periodically
small as the wake passes under the blade. With a planar wing
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and wake the integral equation is the steady case),

) = f
J 4was2(l-Mr)

A third approach, developed by Dat,7 is to use a finite dif-
ference numerical evaluation '.of d(f>d/dnx. The derivative is
calculated from <t>d evaluated at z = e and 2e (e = 2-3% chord
in Ref. 8, e = 5% chord in Ref. 9). The potential 0rf has a
lower-order singularity than the Mangier type of dc/)d/dn.
The parameter e must be large enough to avoid the singular-
ity, yet small enough for accuracy.

For steady or harmonic loading, f=eiatf/polt9 the magnitude
of the loading factors from the integral over the wake, and the
integral equation can be written in terms of a kernel function

d ( f To
= lim ——X-A onx CJ -« dr + -

4iras2(l-i

In general, K is a function to t0. Hence, there is inter-
harmonic coupling for the periodic loading of a rotor blade
in forward flight (each loading harmonic gives many induced
velocity harmonics). When s is a function of (tQ — r)y as for
fixed wings or the rotor in axial flight, the retarded time is
r0 = tQ - 7*0. Then, the kernel K is independent of t0; there is
no interharmonic coupling.

A lifting line theory can be obtained by applying the
chord wise integral to the wing loading only. An integral
equation for the section lift is obtained, with the kernel func-
tion evaluated at one chord wise location only.

Fixed Wing
The fixed-wing problem is useful as a guide and a contrast

to the rotor theory, and directly for lifting line theory. Con-
sider a thin wing on the z = 0 plane, moving in the negative x
direction and undergoing harmonic loading. Following
G a r r i c k , 3 t r a n s f o r m now to the moving f r ame :
x = (x-Vt0,y,z)T and y= (£- Kr,iy,0)7'. The solution of
a(t-r)=s for the retarded time is r = /+ (Ma-S)//32tf,
where a=*-£- V(tQ-t), S2 = a2 + ( 3 2 ( y - r j ) 2 + /32z2, and
/32 = l-M2. The retarded distance is then s(l-Mr)=S.
Working directly from the acceleration potential source
(\l/s =/(r)/47rS) gives the integral equation, with the kernel,

= lim —r-
z-O dzz

da

which is the form given by Watkins et al.10

Working from the moving dipole solution [Eq. (2)], the
retarded time is required only at t0 = t,

(5)

So with a0=x-£-V(tQ
+ (y — *?) 2> the kernel is

and s2 =

K=-
1 a ao-. £/CO<7/ K

- da + -

which is the form given by Landahl11 (who credits Wood-
cock). The integral in K can be reduced to a function of two
parameters and is a good form for series evaluation. For in-
compressible flow, o0=x—J. For low frequencies (exact in

f °° iua/v _^ Meiwoo/y _ r (;

J - o o e W T5""^ 505 = J -
da

which shows that the compressible kernel is obtained by scal-
ing (x—£) with /3 in the incompressible kernel.

Rotary Wing
To complete the development of the theory for the rotary

wing, the transformation to the rotating and translating
coordinate system is introduced: s = n(t — T) + (&tx'—<5{.ry'
and aM- dy/dr = fi + Q x G{Ty't where x' = (x,y,z)T,
y' = (£,ri,0)T, and fi= ( -juOR,0,X(lR)r. The equation for
the retarded time, a(t0-TQ) =s (at z = 0) becomes

(a2 - IfjL 1 2 ) (/0 - TO )2

=0

and then s ( 1 - Mr ) = a ( t0 - TO ) — s • M = S. The linearized wing
is taken as the z = Q plane, so n-s = \&R(t — T) +z = z for low
inflow, and on the wing n-s = Q (planar wing and wake
assumption). The rotor consists of N separate wing surfaces.
In steady forward flight, the N blades have identical,
periodic loading.

The mean wake-induced velocity X/ should be included in
the vertical convection, X = jLttan/ + X /, when evaluating 5 in
the kernel (but not for the boundary condition). Integrating
the acceleration potential along the undisturbed air path is
the equivalent to using the undistorted wake geometry de-
fined by the translation and rotation of the coordinate
system. Including X/ in X is a first approximation to the
distorted wake geometry, needed to avoid unrealistically ex-
treme interactions of the wing with the returning wake when
the rotor angle of attack is small.

Then, for harmonic loading of the rotary wing, the kernel
function is

K dr +
4iras2(l-Mr)

The distance s is a function of f0 , r, Jt', and y'. Even in the
steady case, there is no simple analytical evaluation of the in-
tegral over the helical wake. It is necessary to evaluate a
transcendental equation for the retarded time TO. In forward
flight the kernel is a function of tQj but in axial flight the
retarded time can be written r0 = tQ — T0 (x',y'). In terms of
polar coordinates (;c = rsin0, j = rcos9, £=psin0, ?7 = pcos0),
the kernel for axial flow is

1
as0S

r0/o\

;̂
where a0 = 9 — 6 — 0 ( t0 - r0) and

S=

This result is superficially similar to the fixed-wing kernel,
but the differences are significant. The use of rectangular
coordinates is more appropriate for typical helicopter blade
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planforms. The integral in the kernel is a function of five
parameters, not two; and a'series evaluation will not work as
well as for the fixed wing, because s is periodically small.
Even in the steady, axial flow case, a transcendental equa-
tion must be solved for the retarded time. Even for incom-
pressible flow, when the retarded time is not needed, the
kernel involves an integral over the helical wake geometry. In
forward flight, the kernel introduces interharmonic coupling.
While the lifting surface problem as formulated is much
simpler for axial flight, in hover the wake geometry is so im-
portant that the wake contraction, wake convection, and
blade/vortex interaction have a first-order influence on the
loading.

Under the assumption that the retarded time is small, an
analytical solution can be obtained

where
S2 = (Y- (x' -y')/a)2+$2 \x' -y'\2

(32 = \-( \Y\2+Y-(x' -y'))/a2

and s(l-Mr)=S. Here, V and V are the velocity and ac-
celeration of the coordinate system at the observer point x
(and are functions of t0). Except for the acceleration term in
/32, this is the solution for a fixed wing at velocity Y(x). It
illustrates the dependence of (70-f0) on ^o f°r forward
flight, but not for axial flight. For axial flow and polar coor-
dinates, the result is

(6)

which with the additional assumption of small (9 — 0) was
given by Sopher.12 An alternate form for the general case is

S2 = V(x) + V(y)} • (x' - \x' -y'\2

where V(x) and V(y) are the velocities of the observer and
source points, respectively. Since V(y) depends on r, this is
not really a solution for the retarded time, except in axial
flight where the velocities do not depend on time. The above
approximations are based on Q(t — T)<\, which with
a(t — r)=s implies sQ/a<lj or Mi[p(s/R)<l. This require-
ment might be valid even at high tip Mach numbers, since
the kernel is dominated by small s/R. It is an interesting
possibility that this approximate solution might be good up
to the point where nonlinear transonic equations are needed.
However, in practice, a numerical solution of the exact equa-

tion for the retarded time may require little additional com-
putation effort.

Table 1 summarizes the work that has been done on lifting
surface theory for helicopter rotors.5'7"9'12"17 Dat5'7'8 and
Costes9'13 used a series representation of the loading, a finite
difference evaluation of d</>/d«, and included X, when
calculating s. Runyan and Tai16'17 used a doublet lattice
representation of the loading and an analytical evaluation of
d(t>/dn. Hanson14'15 transformed the kernel from an integral
over the wake with a transcendental equation for the re-
tarded time to an infinite sum of integrals over the Bessel
functions by introducing a Fourier transform over the wake
age in helical coordinates.

Panel Methods
Panel methods use a surface singularity distribution to

solve the linear potential equation for arbitrary geometry.
The use of the velocity potential for inviscid, irrotational
flow reduces the problem to the solution of an integral equa-
tion for a scalar function on a two-dimensional surface. The
derivation is usually based on Green's theorem. Most of the
work for helicopters has dealt with incompressible flow, for
which the equation of motion is linear without further ap-
proximation and the unsteadiness enters only through the
boundary conditions and the wake.

Surface Singularity Representations
The derivation of the incompressible integral equation will

follow Lamb.18 The velocity potential satisfies Laplace's
equation, V2</> = 0, in either the fixed or moving frame. The
boundary condition is that d<f>/dn = w on the body surface
and the potential jump in the wake is convected from the
trailing edge. Assume <t> and \l/ are single-valued functions
satisfying Laplace's equation in a volume V bounded by a
surface A. Using Green's theorem and substituting for
Laplace's equation gives

dd> \ f
— - )dA=-

dn / J

For multiply connected regions (e.g., in two-dimensional
problems or for an actuator disk), branch cuts and corre-
sponding circulations can be introduced. Let \l/ be a unit
source x: ^=l/(4xs), where s = x— y. The volume V is the
space external to the body and wake, excluding a small
sphere around the singularity at Jt. Evaluating the surface in-
tegral over this small sphere gives

K d 1 1 d</> \
* -r- ————— -T —)&A (y)dn s s dn / (7)

which is a representation of </> as a surface distribution of
sources and doublets. This is an integral equation, since it is
not possible to specify both <f> and d(t>/dn on the surface. If
the point jc is inside the body (outside K), the left-hand side

Table 1 Rotary-wing lifting surface theory

Ref. Eq. Wing model Compressibility Comments

12
7
8
5
9

13
14,15

16
17

(1)
(4), Ref. 8

—
(2)

Ref. 8
(2)
—
(4)
(3)

Thickness
Lifting line
Lifting surface
Lifting surface
Lifting line
Lifting line
Lifting surface
Lifting line
Lifting surface

Comp.
Incomp./comp.
Incomp./comp.
Comp.
Comp.
Comp.
Comp.
Incomp.
Incomp./comp.

Axial/steady; polar coordinates
Polar coordinates

Helical coordinates

Axial/steady; helical coordinates
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of Eq. (7) is zero. The integral of the dipole distribution is
singular as x approaches the surface. Accounting for the
singular part (excluding a small circle about Jt), the left-hand
side becomes 27r</>.

To obtain a representation in terms of sources or doublets
alone, consider the potential </>' of an arbitrary flow inside
the body. For x outside the body, then

so

IT d 1 1 / d(j> 6</>'M
= (</>-</> ' )—— ————— (— - —— ̂ -) IJ L dn s s \ dn dn / J——dn s s \ dn

For a source representation, let </> = </>' on the surface,

1 / d</> d4>f

dA(y) (8)

C 1 / d</> d4>f\ f a
= -l —— (— ̂  ——— ~)dA(y) = -\ ——

J s \ dn dn / J s
dA(y) (9)

so the tangential velocity is continuous and the normal
velocity discontinuous at the surface. For a doublet represen-
tation, let d(/)/dn = d(t)f /dn on the surface,

P
= (J

d 1
-0' H— —— cL4(.y)=3fl s

d
-—dn

1
dA(y) (10)

so the tangential velocity is discontinuous and the normal
velocity continuous at the surface.

The surface must be collapsed into a thin layer in order to
model a wake and for the thin-wing approximation. For a
thin layer, the surface integral will be taken over the upper
surface only and the integrand will be the difference between
the upper and lower surface singularity strengths. With a
source distribution, Aa = Ad0/d# and A0 = 0. The tangential
velocity is the same on both sides, so sources can represent
the wing thickness, but cannot be used to model a wake.
With a double distribution, Aa = A0 and Ad0/d« = 0. The
normal velocity is the same on both sides, but the tangential
velocity can jump. A doublet distribution is a vortex sheet,
which can represent a wake or a lifting wing without thick-
ness. For a thin layer, Eq. (7) involves only Ad^/dn
= Aw, so the lifting boundary condition is lost. An integral
equation based on Eq. (7) is not proper for a thin wing.

Integral Equation
Evaluating * in Eq. (7) on the surface produces an integral

equation for <t> on the surface,

r r 3 i i a01
2irct)(xs)= 00>*)——————— -r—Jbody L dn s s dn J

+s a i
A0 — — — — dA(y)

wake dn S
(11)

The wing boundary condition gives d<t>/dn and A0 in the
wake is convected from the trailing edge. Most recent
methods are based on this equation.19 Generally, both the in-
tegral equation and the dependent variable (potential rather
than velocity) are well behaved, producing a well-
conditioned numerical problem,20 even for cases such as a
wake cutting another body.21 Other integral equations
(discussed below) involve higher-order singularities for lifting
problems. Equation (11) is not applicable to thin wings, but
practical thicknesses present no difficulties.22 Note that the

singular part of the doublet integral has already been in-
cluded on the left-hand side. For a flat, constant-strength
panel, there is no more contribution than the singular part
produced by the local panel; hence, the singularity of the in-
tegral is of no concern.

A panel method is produced when the surface is approx-
imated by a connected set of small elements. Typically, the
panels are quadrilaterals; sometimes the panels are approx-
imated by flat quadrilaterals or triangles. Usually, the
singularity strength is constant over a panel. Note that a
constant-strength doublet panel representation is equivalent
to a vortex lattice. Higher-order distributions are also used,19

but constant-strength panels are much more efficient and are
generally satisfactory for subsonic flow. The integral equa-
tion is evaluated at collocation points, normally the panel
centers. Thus, a set of algebraic equations for the potential
<t>k on the panels is obtained,

body body wake

The influence coefficients depend only on the geometry (not
the boundary conditions) and, hence, are fixed for rigid-
body motion and a prescribed wake geometry.

To evaluate the pressure, 0, and the velocity V0 are re-
quired (probably in the moving frame). On the body, the
boundary condition defines the normal velocity and the
tangential velocity; 0, can be obtained by numerical differen-
tiation of the surface potential. A piecewise constant
representation of 0 must be fit to a polynomial distribution
over several nearby panels before being differentiated.

In practice, the Kutta condition or Joukowski hypothesis
is implemented by attaching the wake to the wing trailing
edge (thereby specifying where the vorticity leaves the body),
evaluating the wake strength from A0 of the panels at the
trailing edge, and converting A0 in the wake with the local
velocity (for an undistorted wake geometry, approximated
by the freestream). The theory behind the Kutta condition,
although incomplete, is more complex and subtle than prac-
tice would suggest. Mangier and Smith23 showed that at a
finite angle trailing edge, the wake should be tangent to the
upper or lower surface, depending on local flow conditions.
The implications for a panel method have been discussed by
Refs. 24-26. It appears that the trailing-edge bisector can
usually be used for the wake direction. It is important that
the Kutta condition be used in a form such that the results
are not sensitive to the geometric details of its implementa-
tion.

Other integral equations can be obtained from Eqs. (8-10)
by evaluating the normal derivative of the potential d(j>/dnx
on the body surface,

d0 f d 1
-^ -=-U—— - —— dA(y)
dnx J dnx s

O0 I

^7=J°
d2

dnr dnrdn.. dnr

(12)

(13)

(14)

In each case, d<f>/dnx is evaluated from the boundary condi-
tion and the equation is solved for the singularity strength a.
A source distribution cannot represent a wake, so Eq. (12) is
applicable only to nonlifting bodies. The second form of Eq.
(12) shows the singular part of the integral. For a flat,
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constant-strength panel, there is no more contribution from
the local panel, so the singularity is of no concern. The
doublet distribution [Eq. (13)] can represent a lifting wing
(but not thickness if the wing surface is modeled as a thin
layer). On a wake, the singularity difference is convected
from the trailing edge. Equation (13) has a Mangier-type
singularity, which is of higher order than the singularities in
Eqs. (11) and (12) and which requires more care to evaluate.
However, a constant-strength doublet panel is equivalent to
a vortex lattice, for which the singularity is of no concern.
The combination of source and doublet singularities [Eq.
(14)] is not a unique representation. It is necessary to
prescribe the distribution of the doublet or source strength
over the body or to add boundary conditions to the problem.
Such flexibility can be used to improve the numerical condi-
tioning of the integral equation. To obtain the velocity and
pressure, even on the body surface, it is necessary to in-
tegrate the singularity distribution over the entire body
(unless the thin-wing model is used).

Compressible Flow
Helicopter rotor blades normally operate at speeds involv-

ing compressible flow. For a helicopter fuselage, separation
rather than compressibility effects are the primary concern.
Consider subsonic potential flow with an arbitrary geometry.
The small perturbation velocity potential (relative still air)
satisfies the wave equation: a2 V2</> = </>„. The derivation of
the integral equation will be guided by Morse and
Feshback,27 where Green's function was used to solve the
problem for a fixed body.

Using Green's theorem, substituting for the wave equa-
tion, and then bringing the time derivative outside the
volume integral for a moving body, gives

transforms as

dF 1
dr IVFI

The body is defined by F=0, and so

3F 1 dy
dr IVFI

•= — n-
dr

= —an-M

where n is the body normal and M the surface Mach
number. Let \I/ = d(r*)/4irs, where r* = r — t + s/a, and
s = x—y. Then \j/ is singular at jc, so the volume V must ex-
clude a small sphere around x. Evaluating the singular part
of the left-hand side integral over the surface around jc gives
-<l>(x,r)d(r-t). Next, the equation is integrated over time,
from r= -oo to oo. The remaining volume integral is zero,
since <£ = </>T=0 at r=-oo, and ^ = ^T = 0 at r = oo. To pro-
ceed further, the order of the time and area integrations is
interchanged. First, it is necessary to transform to a moving
coordinate frame, y' =h(y,r) and r' =r, such that the body
surface F=Q is not a function of T'. The time derivative

a
or

a
dr dr

where V=dh/dr is the velocity of the air relative to the mov-
ing frame. For rigid-body motion, a rotating and translating
(and in general acclerating) coordinate transformation is re-
quired, such as derived above for the rotor. For a flexible
body the transformation would be more complex. Hence,

*<*•'>=IL[(«
dF 1 /

d^
~dn~ dn

dar' IVFI dar'
dr'dA(y')

To transform \f/ to the moving frame, note that r* = r'—t
+ s(r')/a. So 5(r*)=d(r' - rr)dr'/dr* =5(r' -rr)
-=-(l-M r) , where the retarded time rr is the solution to
r* = 0. Finally, ^ = d(rf -rr)/4xs(l -Mr).

Thus, the integral equation for a moving body in com-
pressible flow is

1 drr

1
5( l -Af r )

dF

dn

\ dF 1 /
/ dar' IVFI V

s( l -Af r )

d 1
5(1 -Mr) dn / dar' IvFl V" dar' s(\-Mr)

d(r'-rr) 1
dr' s(\-Mr) dar'

(*t)-[\(* 8 l
(Xtt) JLV 0 dn S 1

s(\-Mr) dar' / ]

1 ds d <t>
i-Af r a« a^r' 5

1 d <b Mr

S dn ) \ r S ' aar' S \-Mr

1
—
S

d<t>2_
~S^ dar'

dA(y')

where the square brackets imply evaluation at the retarded
time and S = s(\ -Mr). For jc on the body surface, the left-
hand side becomes 2ir0 when the singular part of the right-
hand side is accounted for. The surace A(y') includes both
wings and wakes. Collapsing the wake to a thin layer gives
integrals of the potential jump A0 over the wake surface.
The first two terms on the right-hand side are recognized as
the moving dipole and the third term is a moving source.
The operator (n- V —n-MM- V) accounts for the normal on
the moving body. For zero body slope in the flow direction,
«-M=0, only the first three terms remain on the right-hand
side and the result is just an extension of the incompressible
equation using moving singularities. For a thin wing,
n-M=Q can be a good approximation. For a fixed body, the
equation becomes

rr a i
1 = \ 0 ——— ———-J L dn s

d(t> ds
dr as dn

dn —— d A ( y )

which is Kirchhoffs equation, a mathematical statement of
Huygen's principle.3'18'27 Morino22 argues that small motion
of the wing relative to a basic moving frame can be neglected
in the integral equation (but, of course, not in the boundary
condition).
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For a fixed wing, M= —iM (neglecting motion relative to
the uniform flight speed); so s(l-Mr)=S and rr = t—T,
where 5 and Tare constants defined by Eq. (5). The integral
equation becomes

I
' IVFI

/ d 1 ___ «_
V d£ S S

M
ar

20
(15)

ds
l -Af r ) dn

__1 30 \
S~ dn )

aS(l-Mr)

Morino22 derived Eq. (15). For steady flow, the result
becomes

-T(- dn

The substitution x = (3x, £ = /3£ scales this to the solution of
the incompressible problem V2</> = 0, with S = s/(3 and

8
— —
dn dn

identified as the body normal derivative in the scaled coor-
dinate frame. The Prandtl-Glauert scaling is obtained if the
body slope is zero (or negligibly small) in the flow direction,
so n = ri.

Literature
The foundations of panel methods are in fixed-wing ap-

plications. Hess and Smith28 pioneered the use of Eq. (12)
for steady, nonlifting bodies. Rubbert and Saaris29-30 and
Hess24 developed Eq. (14) for steady lifting problems, using
a surface distribution of sources and an internal or surface
distribution of doublets. Djojodihardjo and Widnall31 used
Eq. (13) for unsteady problems. Morino22 and Morino and
Kuo32 developed a panel method for unsteady, compressible
flow based on Eq. (15). Maskew20'33 developed a panel
method based on Eq. (11). The purpose here is not to review
all panel methods, but rather those that have been applied or
developed for helicopter problems.

Table 2 summarizes the work that has been done with
panel methods for helicopter rotors.21'25'26'33"59 Helicopter
fuselages are analyzed to determine the body flow and the
velocity induced at a rotor. Appropriately for helicopters,
the methods used have been incompressible, but there have
been many attempts to include a model of separated flow.
Some of the methods33'34 used just a boundary-layer calcula-
tion. The separation models that have been developed in-
clude: mass injection on the body surface within the
separated region37; a vortex shear layer, with an isolated
vortex line to enforce stagnation at the prescribed separation
line41; a boundary-layer calculation of the separation line

THEORY (PANEL CODES)
——— GILLESPIE (1973)
—— - WOODWARD, DVORAK, AND GELLER (1974)
— — DVORAK, MASKEW, AND WOODWARD (1977)
——— SOOHOO, NOLL, MORINO, AND HAM (1978)

EXPERIMENT
O GILLESPIE (1973)

4 8 12 16 20 24 28 32 36 40 44
FUSELAGE STATION, In

Fig. 2 Helicopter fuselage air loading calculated using panel
methods.34'37'38'41

———— THEORY WITH SEPARATED WAKE
———— THEORY WITHOUT WAKE

O EXPERIMENT

DC
Q_

.5 1.0
FUSELAGE STATION, m

1.5

Fig. 3 Helicopter fuselage air loading calculated using panel
methods.42

and a volume distribution of vorticity within the separated
wake42; and a boundary-layer calculation of the separation
line, with a vortex shear layer for the separated wake bound-
ary.38'39 The latter model has also been used by Maskew and
Dvorak45 and Costes46 to calculate the maximum lift of a
two-dimensional airfoil with trailing-edge separation. Figures
2 and 3 compare the results from several of these methods
with the pressures measured on model helicopter fuselages.

The application of panel methods to coupled rotor/body
aerodynamics have used an actuator disk model of the rotor,
so that the problem remains steady. Freeman47 calculated the
wake-induced velocity from a prescribed rotor loading and
wake geometry and included these velocities in the body sur-
face boundary condition. The influence of the body on the
rotor was not calculated. Clark and Maskew21'48 modeled the
rotor as a thin circular wing with prescribed strengths of
sources (for the induced velocity) and doublets (for the
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loading) and with the wake trailed from the circumference.
The calculation iterated between the rotor and the body, in-
cluding the body-induced velocity in the rotor loading
analysis. The code was well behaved if the rotor wake cut the
body [an advantage of using Eq. (11)], but the model was
considered physically realistic only with the body entirely in-
side or entirely outside the rotor wake. Comparisons with
measured velocities and pressures for a simple rotor/body
configuration60 suggested that an unsteady analysis is re-
quired even to calculate the mean flowfield.

All of the applications of panel methods to rotary wings
have been for hover, which is a steady problem. The rotor
flow is really compressible, but the analyses have been in-
compressible, with several methods to approximate the ef-
fects of Mach number: modification of the wing self-induced
velocity to correct the lift-curve slope for compressibility and
real flow effects51; an approximate transformation to the in-
compressible equation, similar to the Prandtl-Glauert
transformation52; and use of the approximate compressible
singularity [Eq. (6)].53'55 The wake geometry is particularly
important for hover; a number of the panel methods have
included free-wake geometry calculations (see Table 2). A
far-wake model is needed for efficiency52'53-55 Figure 4
presents hovering rotor blade section loading calculated us-
ing panel methods. The experimental data show the effects
of the different tip vortex roll-up for the two tip shapes.
Summa54 attempted to model (not calculate) the roll-up;
Shenoy and Gray56 did not. Figure 5 compares hovering
rotor blade loading as calculated by lifting line theory, lifting
surface theory, and a panel method. Comparisons with ex-
periment (for example, Ref. 61) have not demonstrated a
completely satisfactory theory. Wake geometry calculations
and measurements are needed to improve hovering rotor
theories.

Transonic Theory
Transonic rotor analyses use finite difference techniques to

solve the nonlinear equations for the flow about the advanc-
ing blade tip. Although a hovering rotor can be analyzed,
transonic flow is normally encountered on rotors in high-
speed forward flight. It follows that the problem is unsteady:

-1.0 i

-.5

r/R = 0.991

.5

z
UJ

O

81 '0

LLJ
DC
CL

-.5

COLLECTIVE PITCH = 6.2°

1.0

r/R = 0.995

THEORY (PANEL CODES)
———— SUMMA (1982)
—— — SHENOY AND GRAY (1981)

EXPERIMENT: GRAY, MC MAHON. SHENOY,
AND HAMMER (1980)

o SQUARE, FLAT TIP
A BODY OF REVOLUTION TIP

.5
CHORDWISE STATION

1.0

Fig. 4 Hovering rotor tip loading calculated using panel
methods.54'56

Table 2 Rotary-wing panel methods

Ref.

34-36
37-39

40
41
42
33

43
44
45
46

47
21,48,49

50
26

51,52
53,54
54,55

56
57,58
25,59

Eq.

12
14
14
11
12
11

11
11
13
11

12
11

13
13
13
13
11
13
11
11

Steady or
unsteady

S
S
S
U
S
S

U
U
S
U

S
S

S
U
S
S
S
S
U
U

Free
wake

Fuselage
No
No
No
No
No
Yes

Components
Yes
Yes
Yes
No

Rotor/Body
No
Yes

Hovering rotor
No
Yes
No
Yes
No
Yes
No
Yes

Comments

—
WBAERO; separated flow model
—
Separated flow model
Separated flow model
VSAERO

Tip vortex formation
Oscillating wing tip
Two-dimensional stall
Two-dimensional stall

—
ROTBOD (VSAERO for body)

—
—
Thin wing; compressibility approximation
Hover; thin wing; compressibility approx.
ROTAIR (HOVER wake geom.); comp. approx.
—
_
—
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PANEL METHOD (ROTAIR CODE)
LIFTING SURFACE THEORY (ROTOR CODE)
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Fig. 5 Hovering rotor blade loading calculations.53'55

there is a once-per-revolution variation in the velocity seen
by the blade (corresponding to a low reduced frequency), as
well as higher harmonics from the blade surface boundary
conditions. In the investigations reported to date, primarily
the potential equation has been considered. In spite of the
fact that shocks are not isentropic, the potential equation is
a good approximation up to a local normal-shock Mach
number of about 1.3; when the error resulting from the isen-
tropic assumption is large, the inviscid assumption is prob-
ably also bad.62

The equation for the velocity potential relative to the still
air as derived for a rotating and transisting coordinate
system is

(16)

with the boundary condition Uz=gt + Uxgx + Uygy on z = g>
In full potential methods, this exact equation and tangent
boundary condition are solved. The complexity of the dif-
ferential equation and the need for a body-fitted grid
transformation imply a significant computational effort.

Small-Disturbance Equation
The equation for small disturbances is useful both to

understand the essential character of the problem and to
reduce the computational effort. The small-disturbance
equation is itself simpler than the full potential equation and
the linearized boundary condition means that a simpler grid
can be used. The small-disturbance approximation is gener-
ally valid for moderate airfoil thickness and angle of attack,
but is always incorrect at the leading edge. The derivation of
the small-disturbance equation will be guided by Isom.63

The small parameter r will be a measure of the disturbance
produced by the wing thickness and angle of attack. Hence,
the wing surface is defined by g= cr, where c is the blade
chord. Let the order of the velocity potential be defined by
the small parameter 6, such that <£= SlRcb. The chord and
tip speed are measures of the displacement and velocity in
the chordwise disrection: x= c and Vx = SIR. Small distur-
bance implies a linearized boundary condition: Vz + <f>z=gt
+ VX8X+ vy£y on z = ®' Requiring (j>z = Vxgx, it follows that
z= cd/r. For Vz = Vxgx, the tip path plane angle /= r or
less.

For subsonic flow, it is assumed that d= T and the linear-
ized potential equation is obtained

This equation can be simplified further for the rotor. For
small tip path plane angles, all the Vz terms are higher order
and the tix term in Vy can be neglected. Relative a2

x<l>xx9 the
V$x terms are order c/R small. Relative tfi^, <t>tt is order
k2 and F,</>,x. is order k. So all of the unsteady terms must be
retained if ' k = 1. For a once-per-revolution variation,
k = c/R is small and the equation is quasisteady. Hence, the
equation for subsonic flow is

where the right-hand side is zero for frequencies co= 0. With
transonic flow at the advancing tip, Mx = \ or Vx^aQO and
the subsonic ordering assumptions are contradicted.

With transonic flow, it will be necessary to retain some of
the nonlinear terms. For small disturbances, it is always
possible to neglect the </>2. term in a2, the order </>3 terms, and
the nonlinear unsteady terms. Thus,

f ["i - (7- !)(*, + )]«o- VtVj-Vj- V ^ . } .

Assume that the advancing tip Mach number is near 1, so
#i — V% = (lift)2 A, for a small parameter A. Then, the non-
linear terms are required only for the coefficient of <t>xx. Re-
quiring that the largest terms in the coefficient of <l>xx be the
same order, cf^ — V^^V^^ implies A =5. For a nontrivial
problem, the <f>K term must be the same order as the <j>xx
term, hence 5==r2/3 and z=c/r'/3. For the problem to be
three-dimensional, the <t>yy term must be of the same order as
the <J>XX term, hence y=c/T{/3. For yawed flow, the <f>xy term
being the same order as the 4>xx term requires that the span-
wise velocity be moderately small: Vy= Q/?r'/3. The remain-
ing terms on the left-hand side are higher order (for small tip
path plane incidence).

For unsteady flow, requiring that the <t>tx term be the same
order as the (j>xx term implies k = r2/3. For once-per-revolution
time variation, k=c/R; so the problem is unsteady if
c/R=T2/3 and marginally unsteady if c/R =r. Alternatively, if
it is assumed that c/R=r, it follows that the frequency must
be co/Q=r~1/3 for an unsteady problem.63 If k = \9 the prob-
lem is more unsteady than transonic and the entire ordering
scheme must change. The </>, term (compared to Vx(j>x) and
the </>„ term (compared to Vx<j>tx) are order k small; never-
theless, they are sometimes retained to improve the rate
of convergence of the solution.64 The V$x. terms (compared
to the </>xx term) and to in Vy or Vx are of order T~l/3c/R.
For c/R =r these terms are of second order; but for c/R =r2/3

(required for the problem to be unsteady with once-per-
revolution time variation), they are only moderately small.
In summary, the transonic scaling requires: </>/07?c=r2/3,
l-Afi^r*, x^c, y/c and z/c = r~ I / 3 , My±rA, and Ar = r2/3;
exactly as for fixed- wing problems.

In the boundary condition, the Vz term must be retained
for I = T, but Vygy/Vxgx=r* and gt/Vxgx=k are small.
Hence, <l>z=Vxgx—Vz on £ = 0. For small disturbances, the
pressure may be approximated as

which with the transonic scaling (as for a2) becomes
(p-Po0)/P<x = ~Vx<t>x.

The transonic domain is defined by (1 -M2) =r2/3, where
Vx = tiy + nQRsin\I/. The maximum Mach number Mat =
(l+nWR/a is at the advancing tip (R = k and ^ = 90 deg).
Then for Mat = 1 , the radial extent of transonic flow is
y/R=T2/3. So c/R=T gives y=c/TY3, which is consistent with
the differential equation being three-dimensional; for
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= r2/3, the transonic domain is somewhat larger, y=c.
The azimuthal extent of transonic flow is /i^2=r2/3, or
k=fjLV2T-l/3c/R. Then, ^ = 1 and c/R=r, or ^=r2/3 and
c//?=r2/3, give & = T2/3, which is consistent with the equation
being unsteady. For the transonic domain to be consistent
with the equation being quasisteady (&=r4/3) requires either
a very small advance ratio or a very small c/R. Inside the
transonic domain on the rotor tip, the radial velocity
Kv = 0Q/?cosi/'=Q/fy'/2T1/3, which is consistent with the re-
quirement Vy=^Rrv\

The transonic small-disturbance equation for potential
flow on a rotary wing is thus,

- 2 Vx

(17)

which is nonlinear, unsteady, and three-dimensional. The
Vt(t>x. terms on the right-hand side are almost higher order.
Without them, the equation is identical to that for a fixed
wing, except that Vx and Vy vary over the rotor disk. So the
transonic nature dominates the equation of motion, while
the effects of rotation enter through the variation of the
wing velocities. The small-disturbance equations for the
boundary condition and pressure are quasistatic and not af-
fected by radial flow. A number of versions of Eq. (17) have
been used, such as:

a) Without the V$x terms; and neglect of Ox in Vy in the
<t>xy term.

b) Without the <frtt and <i>t<l>xx terms; without the V$x.
terms; and neglect of Qx in Vy in the <t>xy term.

c) Hover (Vx = toy, Vy= — Q#); and steady.
d) Hover; steady; and without the F,</>x. and <t>xy terms.
Retaining all linear terms (i.e., unsteady and radial flow

terms) in the boundary condition and pressure poses no
difficulties.

The nonlinear equations were retained in Eq. (17) based
on the assumption that the flow is in the x direction. In fact,

a rotor blade has yawed flow, except exactly at ^ = 90 deg.
Retaining the nonlinear terms for arbitrary yawed flow pro-
duces the following small-disturbance equation:

- (7-D-V2- (7 +

(a2
0-(y-l)Vx<i>x-(y-l)Vy<t>y)<t>z

(18)

Type-dependent differencing is applied in the direction of the
local flow, at yaw angle A = tan~* Vy/Vx. Ignoring the varia-
tion of Vx and Vy with y and x, the second derivative in the
local flow direction is <t>ss = C2<t>xx + 2CS<t>xy + S2<j^, where
C = cosA and S = sinA. Rearranging the left-hand side of Eq.
(18) and retaining the nonlinear terms only in the coefficient
of 4>ss gives

C2<t>y

(19)

When using Eq. (18) or (19), the radial flow terms are re-
tained in the boundary condition and pressure as well.

The transonic equation for a rotor has generally been
solved by a finite difference method adapted from fixed-
wing research. The type-dependent differencing of Murman
and Cole65 is used for the x derivative (central differencing
in subsonic flow, backward differencing in supersonic flow).
The type-dependent differencing is in the local flow direction

Table 3 Rotary wing transonic theory

Ref.

63
66
67
68
64
69
70
71

72,73
74
75
76
76

77-79
80,81
80,81

82-84
85
86
86
87
88
89

Eq.

17b
lie
17c
17d
17a
—
17a
lib
lib
lib
lib
lib
19
18
—
—

16
16
16
16
16
16
—

Hover/steady,
quasisteady,
or unsteady

U
HS
HS
HS
U
U
U
U
U
U
U
U
U
QS
U

QS

QS
HS
QS
U
QS
U
us

Lifting or
nonlifting

Small disturbance
N
N
N
L
N
L
N
N
N
L
L
L
N
L
L
L

Full potential
L
L
L
L
L
L
L

Comments

—
—
—
Preceding blade tip vortex
—
Two-dimensional
—
—
—
Preceding blade tip vortex
Coupled with wake (CAMRAD)
Oblique wake
—
Oblique wake
Two-dimensional
Finite element

ROT22
—
TFAR1
TFAR2
Coupled with wake (CAMRAD); curved wake
Coupled with wake (CAMRAD)
RFS2; coupled with wake (CAMRAD)
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for full potential methods and in some of the small-
disturbance methods as well. For a swept blade, the tip plan-
form is transformed to a rectangle before generating the
computation grid; a body-fitted grid is required for full
potential methods. The small-disturbance equation can be
solved faster than the full potential or Euler equations, but
the former is not valid for angles of attack above about 5
deg and never at the leading edge. To reduce the computa-
tion time, the quasistatic equations can be solved; all of the
time derivatives in the potential equation are neglected,
although the correct instantaneous velocities and boundary
conditions are used. To define the loading on the advancing
blade tip, the unsteady equation must be solved at many
more azimuth locations than is necessary with the quasistatic
equation.

Most often the far-field boundary condition of 4> = 0 has
been used and two-dimensional flow (all y derivatives zero) is
required on the inboard face if the computational domain
does not include the entire blade. For unsteady solutions, the
analysis is started in the subsonic region, where the problem
is quasistatic. The wake behind a lifting blade is a planar
surface, with a potential jump A</> convected downstream
from the trailing edge. The curvature of the wake has almost
always been neglected. In some cases, a tip vortex from a
preceding blade has been included in the finite difference
computation domain, as a potential jump on a branch cut.
The more general problem of coupling the transonic analysis
with a complete rotor wake and blade motion solution has
been attempted so far using lifting line concepts: the in-
fluence of the blade motion and wake (outside the computa-
tion domain) is included as an angle of attack in the wing
boundary condition; then the lift calculated by the transonic
analysis is used in solving for the blade motion and wake-
induced velocity.

Literature
Table 3 sumarizes the work that has been done with tran-

sonic analyses of rotors. 63'64>66-89 Caradonna70 and Tung et
al.75 retained to in Vy in the <t>xy term. Desopper76 included
the </)tt term and introduced some additional approximations
during the coordinate transformation for a swept tip. Arieli
and Tauber82'83 used a rotating, but not translating, coor-
dinate frame, with a quasisteady freestream relative to the
rotating blade; as a result, part of the V^x. terms were omit-
ted in the quasistatic approximation. Sankar and Prichard89

solved the full potential equations in conservation form (ex-
cept for the time derivatives). Wake et al.90 solved the
unsteady Euler equations for the flow about a nonlifting
rotor blade.

The calculations and comparison with experiment have
demonstrated the fundamental unsteady64'69'73'82'84'86'89 and
three-dimensional64'69'80'81'86 nature of transonic flow on the
advancing blade tip. Radial flow is also important.78 Figure
6 compares the unsteady and quasisteady calculations with
the pressure measurements. Figures 7-9 compare transonic
calculations with ONERA measurements of the pressures on
a nonlifting, rectangular tip rotor blade in forward
flight.69'72'73 A similar comparison was made by Chattot and
Philippe.72'73 For a swept blade, Chattot and Philippe72

found too rapid a disappearance of the shock in the second
quadrant. So Desopper76 used Eq. (19) to retain more in-
fluence of the radial flow and obtained a better correlation
with experiment (Fig. 10). Using Eq. (19) also improved the
stability of the calculations, so an azimuth increment of 1
deg could be used (just as for a rectangular tip), instead of
!/8 deg with version b of Eq. (17). Transonic analyses have
been used to design swept tips for rotor blades.72'73'79 Tests
have shown improved rotor performance in high-speed for-
ward flight with swept tips,76 which the theory attributed to
a decrease in the transonic flow intensity for azimuth angles
up to 130 deg (there was a slight increase from 140 to 150
deg).
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Comparisons with nonlifting data have the advantage that
only the transonic flow features need be considered;
however, in lifting rotor flows, the wake and blade motion
are important. A practical method to account for the rotor
wake is required, even though it is now possible with finite
difference methods to only calculate the flowfield near the
blade. A preceding blade tip vortex can be included in the
finite difference calculation,68'74 but the primary approach
used so far involves coupling with the wake through the
boundary condition at the blade. The transonic flow can be
calculated for a prescribed angle-of-attack distribution ob-
tained from the blade motion and uniform inflow.69'74'76'78

Several of the transonic rotor theories have been coupled
with a comprehensive helicopter analysis91 that calculated
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potential calculations.82'86

the rotor wake and blade motion, for a complete forward
flight analysis. The helicopter analysis (C AMR AD) calcu-
lated an angle-of-attack distribution, excluding the blade
near wake that was included in the finite difference domain;
the finite difference code used this angle of attack to
calculate the blade lift on the advancing side; and then
C AMR AD used the finite difference lift, plus a lift incre-
ment produced by the update of the wake and blade motion.
These steps were repeated until the finite difference lift
calculation converged. The method was consistent and effi-
cient, with fast convergence: usually only two executions of
the finite difference code were required. Figure 11 compares
measured forward flight pressure data92 with such calcula-
tions using three transonic theories. The small-disturbance
theory71'75 underpredicted the leading-edge pressure in the
first quadrant; the calculated angle of attack is about 6 deg
at 1̂  = 0. The quasisteady, full potential theory86'87 gave bet-
ter results in the first quadrant, but worse in the second
quadrant. The unsteady, full potential theory86'88 unex-
pectedly predicted too strong a shock at 1^=120 deg.

Wake Analysis
The vortex wake is an important, and often crucial, ele-

ment in all helicopter problems, including performance,
structural loads and vibration, stability, and noise. The man-
ner in which complete wake models are to be incorporated
into advanced computational techniques has not been fully
established. Current helicopter performance and loads
analyses1 use a wake model consisting of a finite core line
for the tip vortex, typically as a connected series of straight
line segments; a vortex lattice for the inboard trailed and shed
vortex sheet; and perhaps some model of the roll-up pro-
cess. Forward flight free-wake geometry calculations (such as
Ref. 93) are well developed, but the early methods for hover
wake geometry calculation (e.g., Refs. 94 and 95) were not
satisfactory. The current standard approach for hover
calculations is to use a prescribed wake geometry model,
based on model rotor flow visualization.
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Hovering Rotor Wake Models
A number of the panel method solutions for the hovering

rotor include a free-wake geometry calculation.26'53'54'56'57

The wake models in these methods are not new, but they are
a consistent part of the solution for the three-dimensional
wing loading. Discretized vortex singularity models of the
wake, either with lifting line or panel wing theories, are
perhaps sufficient to describe the overall behavior. More
sophisticated models are required to calculate the detailed
behavior, such as the tip vortex formation and roll-up.

Miller96 developed a hover free-wake geometry calcula-
tion, using two-dimensional and axisymnietric (ring) models
for efficiency. The wake was assumed to have rolled up into
three vortices (tip, inboard, and root), replaced by a far-
wake model after four revolutions. The average velocity be-
tween the vortices was used to determine the wake geometry.
Murman and Stremel97 calculated two-dimensional unsteady
wake development by a cloud-in-cell method (which would
be more efficient than a direct application of Biot-Savart
equation). Discrete vortex elements in the wake were tracked
in a Lagrangian frame. For each time step, the vorticity was
distributed to a fixed (Eulerian) mesh, on which the
velocities were calculated by a finite difference solution of
Laplace's equation (with potential jumps on branch cuts to
represent the vorticity). Next, the velocity was interpolated
to the vortex positions, which were then integrated to the
next time step. The distribution of vorticity to the Eulerian
mesh introduced an effective core radius, on the order of the
grid size, that eliminated the velocity singularities (vortex
tracking methods are unstable with point vortices). Yet there
was no diffusion of vorticity (artificial viscosity), since the
vortex elements were tracked individually. Stremel98 applied
this two-dimensional model to hovering rotor wake roll-up.
He used three vortices (tip, inboard, and root) for five

revolutions, plus intermediate and far-wake models, to
represent the rotor wake. Stremel99 developed a method to
separate the grid size from the viscous core size in the cloud-
in-cell method, which is desirable whether the core is in-
tended to be a physical model or simply to control the
numerical instabilities. In particular, the capability to use a
small core radius with a large mesh size is needed for effi-
ciency. In the solution for the velocities, the finite difference
approximation for the derivatives of the vorticity distribu-
tion was the source of the effective core radius and of errors
for small core size. A correction was introduced for close
vortices such that the solution of the finite difference equa-
tions for the velocity would be exact. A significant influence
of the core size on the tip vortex roll-up was calculated
(Fig. 12).

Roberts100 developed a cloud-in-cell method to calculate
hovering rotor wake geometry, using an axisymmetric (ring)
model. The ring vortex self-induced velocity was found to be
grid dependent (an effective core radius). This effect was
eliminated by calculating the self-induced velocity of each
ring exactly, using the true core radius; the cloud-in-cell
method accounted for the influence of the other rings. The
rotor wake geometry calculations converged using 2-10
vortex elements radially, but did not converge using 20-40
elements, except with a coarse grid. Roberts and Murman101

coupled this wake geometry model with a lifting line theory
calculation of the blade loading. The results were very close
to Miller's two-dimensional calculations; agreement with ex-
periment was fair.

Liu et al.102 solved the incompressible, laminar, Navier-
Stokes equations for a hovering rotor wake. They used an
unsteady, axisymmetric (ring) model of the wake. The vor-
ticity distribution at the blade trailing edge, from a separate
lifting surface calculation of the blade loading, was intro-



AUGUST 1986 RECENT DEVELOPMENTS IN ROTARY-WING AERODYNAMICS 1233

duced at the blade passage frequency, with the vertical
separation from a prescribed wake model. The computation
domain included nine revolutions, with no far-wake model.
The calculations showed little wake contraction and signifi-
cant vortex diffusion (the Reynolds number, based on the
rotor radius, was only 40,000). Cantaloube and Huberson*03

developed a unique representation of the rotor wake for both
hover and forward flight, in terms of vortex-carrying par-
ticles emitted at the blade trailing edge. The blade loads were
calculated using incompressible lifting surface theory for a
thin wing. Cantaloube104 applied the method to isolated
rotor and rotor/body configurations.

Egolf and Sparks105 coupled a full potential solution for
the near field of a hovering rotor blade with an incompressi-
ble, discrete vortex solution for the far field. The wake
geometry was prescribed, hence the far-field solution deter-
mined the velocity potential on the boundaries of the finite
difference computational domain. The full potential solution
included the trailed wake and any tip vortices from preceding
blades that were in the computational domain. Roberts and
Murman106 solved the three-dimensional, steady Euler equa-
tions for the near field of a hovering rotor blade, including
the tip vortex formation. The tip vortices in the computation
domain below the blade had strength and position defined by
a free-wake geometry calculation.100 The velocity was split
into a wake-induced component (known) and a remainder
(produced by the vorticity of the blade and the shocks). The
solution for the remainder was found such that the total
velocity field satisfied the Euler equations. This approach
eliminated the numerical diffusion of the wake vorticity
(solutions with the wake defined by boundary conditions on
the computation domain were similar to the results obtained
by omitting the wake entirely). Moreover, the remainder
velocity component was smooth away from the rotor, since
the primary contribution of the returning wake was already
accounted for. A far-wake model was used, giving an
induced-velocity boundary condition at the outer boundary.
Sankar et al.107 solved the three-dimensional, unsteady Euler
equations for a hovering rotor tip. The wake-induced veloc-
ity for a helical tip vortex was calculated using the Biot-
Savart equation and then the remaining velocity component
was found, such that the total satisfied the Euler equations.

Transonic Blade/Vortex Interaction
Table 4 summarizes the work that has been done to

analyze the transonic interaction of a blade and its
vortex.68'70'74'101'116 The two-dimensional interaction is an
idealized model of phenomena that can be encountered in
rotor flowfields. The analyses have been conducted for Mach
numbers of 0.8-0.85, although the two-dimensional en-
counter on a helicopter rotor would be at a lower Mach
number. The high Mach number t>lade/vortex interaction
problem is really three-dimensional. Moreover, viscous ef-

fects are often significant for blade/vortex interaction on
helicopter rotors. The two-dimensional transonic investiga-
tions are laying the foundation for ways to include wake vor-
ticity in the finite difference rotor analyses.

The small disturbance code LTRAN2-HI of Ballhaus and
Goorjian117 was the basis for several of the analyses109"111 in
Table 4. George and Chang110 encountered numerical prob-
lems with a concentrated vortex, because of shifting branch
cuts between mesh points as the vortex moved and the large
velocities near the point vortex. The problem was eliminated
by using a vortex core, with the vorticity distributed to the
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Table 4 Transonic blade-vortex interaction analyses

Ref. Eq. Vortex path Vortex boundary conditions

Three-dimensional steady—perpendicular
68 SDPa Prescribed Potential jump on branch cut
74 SDP Prescribed Potential jump on branch cut

108 Euler Free Velocity and pressure on upstream boundary

70
109
110
HI

112-114

115,116

SDP
SDP
SDP
SDP
Euler and

Navier-Stokes
Euler

Two-dimensional unsteady—parallel
Prescribed Potential jump on branch cut
Prescribed Vortex-induced vertical velocity at airfoil
Free Vortex-in-cell with multiple branch cuts
Free Vortex-induced velocity added to flowfield
Prescribed Prescribed vortex-induced flowfield

Free Upstream initial conditions of velocity
aSmall disturbance potential equation.
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grid points at each time step. The core was square, was not
distorted by the interaction, and had a size equal to 25% of
the chord (to avoid a supersonic region around the vortex).
McCroskey and Goorjian111 used a 5% chord vortex core
radius to eliminate a numerical instability caused by the
stream wise velocity component. Srinivasan et al.112 solved
the thin-layer Navier-Stokes equations for high Reynolds
number turbulent flow. They solved for the perturbation
flow about the inviscid (Euler) solution for the vortex in a
freestream (without the airfoil). With this method, the far
grid could remain coarse, since the vortex flow had already
been accounted for. When the vortex was specified as an
upstream initial condition,113 numerical dissipation with a
reasonable grid greatly reduced the vorticity concentration.
Sankar and Tang115 solved the compressible Navier-Stokes
equations for turbulent flow. Smoothing the total flowfield
(artificial dissipation) was found to introduce significant dif-
fusion of the vorticity, especially with a coarse grid
upstream; when smoothing was applied only to the dif-
ference between the flowfield and that of an isolated vortex,
excessive numerical diffusion was avoided. In this method,
the force-free vortex path was obtained. They also con-
sidered a prescribed vortex path analysis, with nonlinear
superposition of the vortex flowfield (as in Ref. 112).

The calculations show a significant influence of the vortex
on the shock position and strength. There is a significant ef-
fect of unsteadiness: with a convected rather than a fixed
vortex the interaction is much reduced.70'112 A free rather
than a prescribed vortex path produces only a small change
in the interaction.111'113 Figures 13 and 14 compare the airfoil
loads calculated by several of the methods112'115 (other com-
parisons are given in Refs. 110 and 111). The three codes in
Fig. 13 produced qualitatively similar results. There was little
influence of viscosity in the calculations, either with or
without the vortex; and the vortex-induced effects were
generally within the scope of the small disturbance approx-
imation, except for a tendency to overpredict the interaction
effects at the leading edge of a thin airfoil.112'116 Small-
disturbance calculations are less accurate and less stable for
either very strong or very close vortices.113 A linear analysis
gave about the same results for the lift and moment coeffi-
cients, although the pressure distributions were of course
very different.111 The differences in Fig. 14 reflect the in-
fluence not of the vortex path, but rather of the method used
to represent the vortex.

Limitations of Computational Aerodynamics
The factors that currently limit advanced aerodynamic

computations have been often enumerated: computer speed
and memory, algorithm and solution methods, grid genera-
tion, vortex modeling, and turbulence modeling. Even in
steady forward flight, the aerodynamics of a helicopter are
unsteady and compressible, with significant wake effects and
complex geometry, and are coupled with the system struc-
tural dynamics. Hence, analyses that are limited to steady or
incompressible motion, simple wake models, simple grids,
and just the aerodynamic forces are less useful than for
fixed-wing aircraft.

Turbulence modeling limits the physical representation of
the flows.118 As long as resolution of the turbulence scales at
large Reynolds number is impractical, it is necessary to use
turbulence models for closure of the Reynolds-averaged
Navier-Stokes equations. No universal turbulence model, ap-
plicable to a wide variety of flows, has been found. Thus, a
catalog of models based on fundamental expriments must be
developed and the capabilities and limitations of each model
established by extensive correlation between the calculations
and measurements. Moreover, the most complex turbulence
models (multiple-equation eddy-viscosity and Reynolds-stress
equation models) are generally used for steady problems;
unsteady calculations have used simpler models (such as a
zero-equation eddy-viscosity model).
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The fact that the maximum time step required for stability
is much less than that for accuracy is a major limitation of
Euler and Navier-Stokes calculations.119 The requirement for
algorithms that relax the stability limitation on the time step
is particularly important for helicopter problems, which are
very often unsteady. The great influence of the wake in
helicopter problems means that accurate vortex models are
essential. Moreover, when the wake is included, the com-
putational domain has dimensions on the order of the rotor
diameter, not the blade chord (as would be appropriate if
only the flow near the wing were needed). Regarding grid
generation, the helicopter problem introduces the need to
eventually interface rotating and nonrotating components.119

Rotor blades vibrate, even in steady forward flight. The task
of coupling advanced aerodynamic and structural dynamic
calculations for helicopters has not yet been given much at-
tention. Calculations restricted to the aerodynamic side of
rotor behavior have limited applications.

The practicality of an analysis method can be expressed in
terms of computation time, which is determined by
algorithm and machine capabilities. Computation times
naturally increase with the complexity of the model. For cur-
rent three-dimensional unsteady calculations,118 full potential
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methods take about 3 times longer than small-disturbance
methods; Euler methods about 20 times longer than full
potential; and Navier-Stokes methods about 50 times longer
than Euler. Fortunately, the prospects for reducing times are
greater for the more complex methods118; a factor of 10
reduction should be possible for full potential methods and a
factor of 100 for Navier-Stokes methods. The use of
solution-adaptive grids should reduce the number of com-
putation points required. It should be possible to increase the
maximum time step by a factor of 10 or 20 using improved
implicit algorithms (to remove the stability limit). What com-
putations are practical now is illustrated by the recent
research cited in this paper. Two-dimensional Navier-Stokes
and three-dimensional Euler calculations (with limited com-
putational domains) are being performed.

The goal is to perform viscous computations for the entire
rotor and airframe—one of the most demanding problems
being considered in computational aerodynamics. Mc-
Croskey and Baeder119 have estimated the computation re-
quirements for this problem: 4000 h/MFLOP (million float-
ing-point operations per second) and 30xl06 words of
memory. They considered two revolutions of a relatively
simple rotor and fuselage, a thin-layer Navier-Stokes method
with an algebraic eddy-viscosity turbulence model and a
solution algorithm allowing a time step determined by ac-
curacy (not stability). Hence, this estimate is the minimum
for the helicopter problem and perhaps somewhat optimistic.
The High-Speed Processor-1 (HSP-1, operational in 1986) of
NASA's Numerical Aerodynamic Simulation (NAS) program
has a compute speed for optimized large-scale calculations of
250 MFLOP and 256 xlO6 words of central memory. The
memory is sufficient for the helicopter problem, but the
NAS HSP-1 speed implies a computation time of 16 h. The
NAS HSP-2 has a goal of 1000 MFLOP and 1000 x 106

words of memory, which would reduce the time to about 4
h. These times are long, but are acceptable for initial
research. Thus, Navier-Stokes calculations for a complete
rotorcraft are worth initiating, although they will be beyond
the reach of routine applications for some time.

Viscous Flow Methods
Dynamic Stall Theories

Dynamic stall is a flow phenomenon of rotor blades that
involves large-scale, unsteady viscous effects. The incom-
pressible case is of interest, but the effects of compressibility
are significant. Although the yawed flow on a rotor blade
does have an influence, the fundamental behavior is con-
tained in the two-dimensional problem. The work of Mc-
Croskey (particularly Refs. 120 and 121) provides a descrip-
tion of dynamic stall and reviews of the experimental and
theoretical research.

For an airfoil oscillating in pitch, a rapid increase in angle
of attack can delay stall. When dynamic stall does occur, it

'is more severe and more persistent than static stall, with a
large amount of hysteresis. The character of dynamic stall is
determined primarily by the maximum angle of attack during
the oscillation, with four regimes identifiable.121 In the no-
stall regime, the viscous/inviscid interaction is weak, and the
vertical scale of the viscous zone is of the order of the
boundary-layer thickness. For an NACA 0012 airfoil, this
regime extends up to amax = 13 deg (for low Mach number).
In this regime, there is little separation and the viscous ef-
fects are small. In the stall onset regime (around amax = 14
deg for an NACA 0012 airfoil), there is some separation dur-
ing part of the oscillation cycle. This regime gives the max-
imum lift possible with no significant penalty on section mo-
ment or drag. In the light stall regime (around amax = 15 deg
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Fig. 15 Dynamic stall events on an oscillating
airfoil.120

I- 2.5
LJJ

o

oo

0 5 10 15 20 25
ANGLE OF ATTACK, deg

n -20

Oo
LLJ
DC

CO
CO
LU
cc
0.

-10

0 1
CHORD STATION

37T/2

3 */2

-7T/2

UNSEPARATED

UNSEPARATED

©

5

8

15

22

25

22

15

8

"0 .2 .4 .6 .8 1.0
CHORD STATION

LEADING TRAILING
EDGE EDGE



1236 W. JOHNSON AIAA JOURNAL

for an NACA 0012 airfoil), the viscous/inviscid interaction
is strong and the vertical scale of the viscous zone is of the
order of the airfoil thickness. The airfoil loads show the
usual static stall effects, plus phase lags and hysteresis. The
tendency for negative pitch damping is strongest in this
regime. The loads are most sensitive to the airfoil geometry,
pitch rate, maximum angle of attack, and Mach number in
this regime. In the deep stall regime (around amax = 20 deg
for an NACA 0012 airfoil), the flow is dominated by viscos-
ity, with the vertical scale of the viscous zone on the order of
the airfoil chord. The viscous zone exists over the upper sur-
face during most of the cycle. The flow is characterized by
shedding of a large vortex-like disturbance from the leading
edge, which passes over the upper surface and produces sec-
tion loads far in excess of the static values while the angle of
attack is increasing, and a large amount of hysteresis.

Figure 15 illustrates the dynamic stall events on an
oscillating airfoil.120 Point 1 is in the unseparated domain,
with a thin, attached boundary layer. The section loads
behave as predicted by linear, unsteady theory. At point 2,
above the static stall angle, flow reversal within the bound-
ary layer develops, but the lift continues to increase, ex-
trapolated from the linear domain. For airfoils exhibiting
trailing-edge stall (as in Fig. 15), the reversed flow starts at
the trailing edge and moves forward. For airfoils exhibiting
leading-edge stall, the reversed flow develops quickly and
very locally just downstream of the suction peak on the up-
per surface. At point 3, for both types of airfoil, a vortex
begins to evolve near the leading edge and spreads rearward
over the upper surface (at about half the freestream veloc-
ity), distorting the pressure distribution. The pitching mo-
ment diverges and the drag begins to rise; but the lift is still
increasing as a result of the vortex. At point 4, with the
vortex near the trailing edge, the maximum lift, drag, and
moment occur (not simultaneously), followed by rapid
drops. Secondary vortices may be shed, producing further
load fluctuations (point 5). At point 6, the angle of attack is
decreasing, with large hysteresis as the reattached flow
develops from the leading edge.

Empirical models are currently the only practical means to
include the effects of dynamic stall in helicopter flow
calculations. McCroskey120'122 reviews the early models. The
present trend is to develop finite state differential equation
models for the section loads, based on measured static data.
Dynamic stall theories are needed, initially to support and
ultimately to replace such empirical models. The advanced
computation methods being applied to dynamic stall may be
classed as vortex theories and Navier-Stokes calculations. In
vortex theories,123"127 point vortices are shed from the airfoil
and tracked in the flowfield (generally using the Biot-Savart
equation). Vortex methods readily predict the effects of the
leading-edge vortex, but the viscous aspects of the problem
are prescribed, modeled, or approximated. Ham123 allowed
vortices to be shed from the leading and trailing edges of a
flat-plate airfoil, with the strength determined by the require-
ment that the leading and trailing edges be stagnation points;
the time that the shedding started was prescribed. Baudu et
al.124 allowed vortex shedding from the separation point
(calculated by a boundary-layer analysis), with the strength
determined by the boundary-layer vorticity; the starting time
and initial direction of the shedding were prescribed. Spalart
et al.126'127 allowed vortex shedding aft of the separation
point (calculated by a steady boundary-layer analysis), with
the strength determined by the airfoil surface vorticity. Panel
methods have also been applied to the dynamic stall prob-
lem.45'46'128'129 Maskew and Dvorak45 developed a panel
method for static stall of an airfoil with trailing-edge sepa-
ration. The free shear layer of the wake boundary was
modeled by a vortex sheet, with the constant strength deter-
mined by the airfoil vorticity at separation. The wake bound-
ary was required to be a streamline. A boundary-layer
calculation gave the separation point. Rao et al.128 used this
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static analysis (at an angle of attack with a constant phase
lag) to determine the wake model for an unsteady panel
code, producing a method for dynamic stall with trailing-
edge separation but no leading-edge vortex. Maskew and
Dvorak129 began the extension of the static analysis to in-
clude a time-dependent free wake. The vortex sheets model-
ing separation had time-varying strength and were allowed to
distort and roll up; the model was intended to include the
leading-edge vortex. In preliminary calculations, the location
and time that separation started were prescribed rather than
calculated.

Navier-Stokes calculations of dynamic stall are still expen-
sive, but are beginning to be effective. Calculations have not
yet been attempted for cases with extreme influence of the
leading-edge vortex. Finite difference methods are used to
solve the unsteady Navier-Stokes equations, usually for com-
pressible flow. Mehta130 considered incompressible, laminar
(low Reynolds number) flow; the calculations showed the
leading-edge vortex shedding, qualitatively similar to experi-
ment. Shamroth and Gibeling131 considered turbulent flow
for a ramp change in angle of attack; the rate of change was
not high enough to produce a leading-edge vortex. Sankar
and Tassa132 calculated dynamic stall for laminar flow.
Tassa and Sankar133 and Sankar and Tang115 solved the
compressible, unsteady Navier-Stokes equations for tur-
bulent flow on an oscillating airfoil.

Figures 16-20 compare dynamic stall calculations from
several methods with the lift and moment measured on an
NACA 0012 airfoil oscillating in pitch.134 All of these cases,
with amax = 20 or 25 deg, are in the deep dynamic stall
regime.121 However, the experimental data for Fig. 16 show
very little influence of the leading-edge vortex, so the case is
consistent with the theory for unsteady trailing-edge separa-
tion.128 The leading-edge vortex influence is evident in the
experimental data for Figs. 17-20, although they do not
represent the most extreme cases possible. Intending to
simulate the influence of transition, Sankar and Tang115 used
a Reynolds number of l .OxlO 6 in the calculations, rather
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THEORY
——— BAUDU, SAGNER, AND SOUQUET (1973)

EXPERIMENT
——— MC CROSKEY, MC ALISTER, CARR, AND PUCCI (1982)
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Fig. 17 Vortex method calculations of two-dimensional dynamic
stall loads.124

than the 3.5xl06 of the experiment (Fig. 20). The ex-
perimental data show less influence of the leading-edge
vortex for a Reynolds number of l .OxlO 6 (or even
2.4x 106), with lift and moment stall occurring at maximum
angle of attack. The error in Fig. 20 was attributed to the
turbulence model, motion of the transition point, and grid
resolution.

Lifting Line Theory
Lifting line theory remains the only computationally effec-

tive method for the general calculation of helicopter air loads
including the effects of viscosity. Even in normal forward-
flight operating conditions, the rotor blade stalls on some
part of the disk and significant stall occurs before the in-
tegrated rotor performance degrades. So it is essential that a
useful helicopter aerodynamic theory include stall. Lifting
line theory allows the combination of three-dimensional in-
fluences (the wake) with two-dimensional solutions that in-
clude the stall and compressibility effects. Lifting line con-
cepts are also often invoked when implementing advanced
methods: in panel methods and lifting surface theory, lifting
line theory can be the basis for correcting the lift for stall
and compressibility and evaluating the profile drag52'135; and
lifting line theory can be the basis for coupling transonic tip
finite difference calculations with a global wake and blade
motion solution.75'87'88

A practical implementation of lifting line theory in rotor
analyses—or at least as practiced—takes the following form.
The outer problem consists of an incompressible vortex
wake from a bound vortex at the quarter chord, perhaps
with distorted geometry. The induced velocity (three com-
ponents, constant over the chord) is evaluated at the three-
quarter chord point, excluding the bound vortex (and

THEORY
— SPALART AND LEONARD (1981)

EXPERIMENT
MC CROSKEY, MC ALISTER, CARR, AND PUCCI (1982)
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Fig. 18 Vortex method calculations of two-dimensional dynamic
stall loads.126

perhaps excluding the inner shed wake as well). The inner
problem consists of unsteady, compressible Navier-Stokes
equations for an infinite-aspect-ratio, yawed wing in a
uniform freestream produced by the rotation and translation
of the wing, plus the wake-induced velocities. Normally, the
inner problem is split into the two-dimensional, steady, com-
pressible Navier-Stokes equations (airfoil tables), plus correc-
tions for unsteady flow (small angle, perhaps including the
inner shed wake), dynamic stall, and yawed flow. It is useful
to examine the derivation of lifting line theory to see what
must be assumed for this implementation to be valid.

Examination of the theory shows, and experience con-
firms, that this implementation of lifting line theory is
almost second-order accurate for the lift. It is only first-
order accurate for the moment, which is not very satisfactory
for three-dimensional effects, but is acceptable when two-
dimensional effects (such as dynamic stall) are dominant.
For a steady, incompressible, nonrotating wing, this theory
is equivalent to Weissinger's L-method for tapered and swept
wings. Weissinger136 found the L-method to be as accurate
as a simplified lifting surface theory. DeYoung and
Harper137 showed that the L-method gave good predictions
of measured span loading for wings with a wide range of
aspect ratio, sweep, and taper. Brower138 compared vortex
lattice lifting surface theory, PrandtPs (first-order) lifting
line theory, and Weissinger's lifting line theory for non-
rotating blade/vortex interaction. The L-method gave ex-
cellent results even for very small blade/vortex separation.
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THEORY
——— TASSA AND SANKAR (1981)

EXPERIMENT
——— MC CROSKEY, MC ALISTER, CARR, AND PUCCI (1982)

2.0

1.5

j l . O
O
CJ

TEST THEORY
a 10 ± 10 10 ± 10
k 0.15 0.15
M 0.3 0.3
Re 3.7E6 2.5E6

5 10 15 20
ANGLE OF ATTACK, deg

25

Fig. 19 Compressible, turbulent Navier-Stokes calculations of two-
dimensional dynamic stall loads.133

Kocurek et al.51*52>139 compared lifting surface theory, the L-
method (as a one-chordwise panel version of the lifting sur-
face method), and first-order lifting line theory for a hover-
ing rotor blade. The one-panel lifting surface theory gave
results as good as51'52 or close to139 those from the theory
with five or seven chordwise panels, while the first-order lift-
ing line theory gave significantly different results.

Formal lifting line theory is a solution for the three-
dimensional wing loading obtained using the method of
matched asymptotic expansions, based on the small
parameter e = c/R= 1 /(aspect ratio). The lowest-order three-
dimensional effect for a nonrotating, steady, unswept wing
in incompressible flow is Prandtl's theory. Higher-order
theories have been developed by singular perturbation
methods, beginning with the work of Van Dyke,140 and lift-
ing line theory has been extended to swept, unsteady, tran-
sonic, and rotating wings. The singular perturbation
methods provide analytical solutions of the inner and outer
problems, which are combined by the matching process.

Fixed-wing theories are applicable almost directly to the
rotor problem, because the key to the method is the match-
ing process and, in the matching domain, the rotor ap-
pears almost the same as the nonrotating wing. For the
rotary wing, it is necessary to consider swept and yawed
planforms, unsteady motion, and compressible or transonic
flow. For the rotary wing, it is also necessary to include a
high angle of attack (stall) in the inner solution and the
helical, distorted, and rolled-up wake geometry in the outer
solution. Hence, for the rotor, the theory must use
numerical, rather than analytical, solutions of the inner and
outer problems. It is not that simplifications are impossible.
With undistorted geometry, the wake integrals can be
evaluated analytically in the radial direction, although the
helical nature requires a numerical integration over the wake

THEORY
———— SANKAR AND TANG (1985)

EXPERIMENT
———— MCCROSKEY, MCALISTER, CARR, AND PUCCI (1982)
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Fig. 20 Compressible, turbulent Navier-Stokes calculations of two-
dimensional dynamic stall loads.115

age. Analytical solutions can be obtained for the linearized,
inviscid inner problem, just as for fixed wings, although the
solutions for higher-order lifting line theory are not simple.
The value of lifting line theory in rotor problems, however,
lies in the complexities that may be retained in the inner and
outer problems.i Analytical inner and outer solutions are not,
in fact, needed, since the heart of the theory is the matching
process. In the matching domain, the inner and outer prob-
lems can always be consistently simplified, without requir-
ing that they be simple in their own domains. For the rotary
wing, lifting line theory should provide the formulation of
the inner and outer problems, and the matching that couples
them, as the basis for an iterative numerical solution.

In the method of matched asymptotic expansions, the in-
ner and outer solutions are expanded as series, with each
term order e smaller than its predecessor. Then, the n-
term/m-order inner solution is matched to the m-tQTm/n-
order outer solution. At each level, the matching provides
boundary conditions for the next term in the inner or outer
expansion, from the solution at previous levels. For the high-
aspect-ratio wing, the inner problem has simpler geometry
(two-dimensional), but complex flow (Navier-Stokes equa-
tions). In the outer limit, the inner solution can be con-
sidered irrotational. The outer problem has complex
geometry (the vortex wake), but irrotational flow. In the in-
ner limit, the outer solution has simple geometry. In the
matching domain, there is both simple geometry and irrota-
tional flow.
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Second-order lifting line theory was developed by Van
Dyke.140 Consider a nonrotating, unswept, steady wing in in-
compressible flow. Designate the order-fl inner and outer
solutions by 0J, and 0°, respectively, since irrotational flow
is assumed in the matching domain. The order-0 inner prob-
lem is a two-dimensional airfoil in a uniform freestream pro-
duced by the wing velocity. In the outer limit, the inner
problem is irrotational and a solution of the two-dimensional
Laplace's equation with regular boundary conditions at in-
finity can be expanded as a uniform flow, plus a bound
vortex, plus a quadrupole, and so on. Then matching shows
that the order-1 outer problem is a line of dipoles produced
by the inner bound circulation F0—a lifting line. In the inner
limit, the outer problem appears to be an infinite bound
vortex line and associated trailed vorticity, for which the
solution can be expanded as a regular part (uniform velocity,
linearly varying velocity, etc.) and a singular part (the bound
circulation, a second-order term proportional to the second
spanwise derivative of the bound circulation FQ", etc.). The
equation for a line of moving dipoles [Eq. (2)] can be used
for the general case (rotating, swept, unsteady, and com-
pressible); the Biot-Savart equation gives the solution for in-
compressible flow. Next, matching to 0? shows that the
order-1 inner problem is a two-dimensional airfoil, with zero
boundary conditions at the airfoil surface and the wake-
induced velocity vi at infinity (a uniform freestream). Here,
Vj is the lowest-order regular part of the outer solution at the
lifting line—excluding the singular part, namely the bound
vortex. This is PrandtFs first-order theory, as obtained by
perturbation methods. Matching to 05, then shows that the
order-2 outer problem is a dipole line produced by Tl and a
quadrupole line produced by F0. Note that 0° (with a
quadrupole) is more singular in the inner limit than 0^ (a di-
pole line)—hence, the need for singular perturbation methods.
Finally, the order-2 inner problem is an inhomogeneous
equation, with a particular solution produced by the span-
wise derivatives of 00. Matching gives the boundary condi-
tions at infinity produced by 0° and 0°: a regular part
(uniform and linearly varying induced velocity) and a
singular part (proportional to FQ"). Again, <t>\ is more singular
in the outer limit than is 05. This is the second-order lifting
line theory.

The order-2 outer solution has a quadrupole line produced
by 0o- The outer limit of 00 is the same if the quadrupole
strength is zero, but the bound vortex is offset. For a thin
airfoil, the bound vortex must be at the quarter chord.
Camber and thickness introduce additional chordwise and
vertical shifts, respectively. The quadrupole strengths
resulting from camber and thickness are not proportional to
the bound circulation, so these shifts depend on the lift.
They must be neglected, lest the outer problem geometry de-
pend on the inner solution. With the bound vortex at the
quarter chord then, only the dipole line is required in the
outer solution—a wake of vortex sheets. The boundary con-
dition for the order-2 inner problem involves a linearly vary-
ing induced velocity. For a thin airfoil, the correct lift is ob-
tained with an induced velocity constant over the chord, if
the value at the three-quarter chord is used. However, a
linearly varying velocity would give a pitching moment,
which the constant velocity does not. This version of the
second-order theory may be compared with Weissinger's L-
method,136 in which the induced velocity is evaluated at the
three-quarter chord, including the effect of the bound vortex
at the quarter chord, and equated to the geometric angle of
attack. The L-method is equivalent to using thin-airfoil
theory for the inner solution (PistolesPs theorem states that
the velocity at one-half chord from the point bound vortex
gives the correct boundary condition).

A remainder problem is defined by the order-2 inner prob-
lem, after accounting for the use of the induced velocity
evaluated at the three-quarter chord. This problem has been
solved by Van Dyke140 for a constant angle of attack and by

Van Holten141'143 for a constant chord. In the practical im-
plementation described above, the remainder problem is
neglected; so the analytical solutions are useful as error
estimates. Indeed, the lift error is small (second order) and
so is the moment error, except probably the neglected mo-
ment from the linear variation of induced velocity.

As perturbation expansions, equivalent solutions are ob-
tained if the inner problems are combined and all orders
solved simultaneously. The combined inner problem is a
two-dimensional airfoil in a uniform freestream, consisting
of the wing motion and the wake-induced velocity. The in-
duced velocity (three components) is evaluated at the three-
quarter chord from the wake associated with a bound vortex
line at the quarter chord (excluding the bound vortex, which
has already been accounted for in the matching). Combining
the 0o and 05 solutions is a natural step, since only an angle-
of-attack change produced by the induced velocity is re-
quired. In the formal perturbation method, the solution
alternates between the inner and outer problems: the two-
dimensional airfoil with no wake is solved for F0; the wake-
induced velocity produced by F0 is calculated; then the air-
foil in the wake flowfield is solved for F,. In the combined
problem, however, the airfoil loading produced by the
geometric angle of attack (00) and by the wake-induced
velocity (05) are solved simultaneously and the induced
velocity is evaluated from the total bound circulation
(FQ + F!), not from F0 alone. Consequently, the direct solu-
tion of the perturbation method has been changed to an in-
verse solution (for example, the integral equation in
PrandtPs theory). The inverse formulation is preferred, since
it is found that the direct solution is too singular at the wing
tips, where the theory is not strictly valid.140 The inverse
solution (from an integral equation) is well behaved, even for
rectangular tip wings.

Swept-wing, incompressible lifting line theory has been
developed by Cheng for straight planforms144 and for curved
planforms.145 If the wing curvature is order e2 small, the dif-
ferential equations for 00 and 05 remain two-dimensional; if
the curvature is order e, the 05 equation has an in-
homogeneous term. Small curvature is typical of rotor
blades, except at kinks in the planform. At kinks, the
asymptotic expansion used is invalid to any order; the in-
tegral equation formulation must be relied on to keep the
solution well behaved. For swept wings, the inner limit of
the dipole and quadrupole lines has singular terms propor-
tional to F'tanA (where A is the local sweep angle). Then, by
matching, the inner problem boundary condition at infinity
consists of not only the induced velocity (regular part of the
swept wake solution), but also these singular terms produced
by sweep. It can be shown that, if the induced velocity is
calculated at the three-quarter chord and these new swept-
wing boundary conditions are ignored, the wing lift is correct
but that there will be a moment error. Experience with the L-
method confirms that this is a good approximation to the
second-order lifting line theory for the wing lift distribution.

Unsteady lifting line theory has been developed by Van
Holten146 and Ahmadi147 for k=e and by Cheng145 and
Guiraud and Slama148 for k'=\. The order-0 inner problem is
an unsteady two-dimensional airfoil in a swept freestream
produced by the wing motion with a two-dimensional shed
wake. The order-1 outer problem is again a lifting line,
matching both the bound vorticity and the shed wake of 00.
The boundary condition at infinity for the order-1 inner
problem again consists of the induced velocity (regular part)
and a singular part produced by sweep, from which must be
excluded now not only the bound vortex but also the inner
shed wake,146'147 since both have already been accounted for
in matching 00 to 0°. The unsteady wake-induced velocity is
a function of (t-x/U), like a convected gust.146'147 The
variation of the induced velocity over the chord is then order
k and, assuming the velocity is constant over the chord, is
consistent for k=e. For & = 1, the induced velocities (three-
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dimensional effects) are really order e smaller than for steady
loading.145'148

It is also possible in unsteady lifting line theory to consider
the shed wake not in the inner problem itself, but as part of
the boundary conditions for the inner problem. Then, only
the bound vortex would be excluded from the induced veloc-
ity. The entire shed wake would be part of the outer problem
and the shed wake would be excluded from the inner prob-
lem. For complex wing motion and wake geometry (such as
with a rotor blade), it is probably easier to ensure consis-
tency between the outer and inner wake models with this ap-
proach. However, one difficulty is that the inner shed wake
begins at the trailing edge, while the outer wake emanates
from the bound vortex line. It is also natural to attempt to
treat the shed wake and trailed wake identically: to evaluate
the induced velocity at the three-quarter chord and use it as a
uniform freestream in the inner problem. Piziali149 devel-
oped a way to combine the outer wake and inner shed wake
by evaluating the induced velocity along the blade chord
from all sources and applying thin airfoil theory. Miller150

used the induced velocity at the three-quarter chord and
modified the shed wake model as required to obtain the cor-
rect unsteady loads. Considering unsteady airfoil mo-
tion,1'13'150 the Theodorsen function is matched well (at least
to first order in k and in practice for k = l) with the induced
velocity evaluated at the three-quarter chord and the shed
wake started at the trailing edge. Considering a convected
gust, the Sears function is also well matched, although there
is a moment error. Hence, assuming that the shed and trailed
wake-induced velocity is constant over the chord is a good
approximation for k=e\ while for k=\ the three-dimensional
unsteady effects are of higher order and the two-dimensional
unsteady effects (the Theodorsen function) are still well ap-
proximated. It is consistent to have the unsteady inner solu-
tion accurate to k = \ (for which the three-dimensional ef-
fects are of second order) and the unsteady outer solution
accurate to k=e (for which the three-dimensional effects are
of first order, but the induced velocity can be considered
constant over the chord).

Compressible lifting line theory for an unswept, steady
wing can be scaled to the incompressible problem by the
Prandtl-Glauert transformations. For a swept wing, the
order-1 inner equation has an inhomogeneous term propor-
tional to MxMy, unless this product is order e. For a rotor
blade, the maximum value of MxMy=AJ}ipn, which is
typically around 0.25; so the inhomogeneous term should
have a relatively small effect. Recall that 01 must match at
infinity the singular term (proportional to I" tan A), from the
dipole-line outer solution (now compressible). The particular
solution has no lift (although a nonzero moment) and its
outer limit combines with the boundary condition from the
outer solution such that the total scales to the incompressible
problem. Hence, neglecting these effects for a compressible
flow, which is necessary if the order-1 inner problem is to re-
main two-dimensional, adds no more error than for incom-
pressible flow. For unsteady motion with k = l, the time
derivatives in the equation of motion must be retained at the
lowest order: the problem for </>Q is unsteady and compressi-
ble. For k=e, the </>Q equation is quasistatic—the unsteady
effects enter only through the wake and boundary condi-
tions. The wake solution for a steady nonrotating wing, as
well as for unsteady motion at low frequency, can be scaled
to the incompressible solution. However, lifting line theory
as implemented in rotary-wing analysis almost never uses a
compressible wake; the outer problem is assumed to be
incompressible.

Transonic lifting line theory has been develoed by Cook
and Cole151 for an unswept wing and by Cook152 and Cheng
et al.153"155 for a swept wing. The flow is first expanded in
powers of r2/3, with the usual transonic scaling, to obtain the
small-disturbance equation. Then, the solution is expanded
in the lifting line parameter e. In order to be consistent with

the transonic scaling,151'153 e = r~l/3c/R. So to achieve a given
accuracy of the lifting line theory, a larger aspect ratio is re-
quired in the transonic flow. It is also not consistent to con-
struct transonic lifting line theory beyond first order without
also considering the next term in the transonic expansion.
For an unswept, steady wing, the order-0 inner problem is
the transonic two-dimensional equation, the order- 1 outer
problem is the subsonic (linear) equation, and the order-1 in-
ner problem is the transonic equation linearized about <t>l

Q.
Nonlinearity does not enter the matching to first order: <£? is
a lifting line and the wake-induced velocity gives the bound-
ary condition for <t>\ . Nonlinearity appears in the matching to
establish the form of </>°.151 The outer limit of <t>l

Q has now a
term produced by the nonlinearity of the transonic equation.
A particular solution of </>f is required by the inhomo-
geneous term in the equation (which is the transonic
equation linearized about </>°). These two manifestations of
the same nonlinearity cancel exactly in the matching; the
solution of the homogeneous equation for </>° remains a
dipole and quadrupole line. If the inner problems for </>Q and
<t>\ are not recombined, it is also necessary to consider pertur-
bation of the shock jump relations and the shock posi-
tion.151'153'154 For a swept wing, the transonic scaling requires
My=Tl/3 or smaller. Then, unless MxMy=Tl/3e = c/R, there
will still be the inhomogeneous term proportional to MxMy
in the <t>\ equation,152'153 with a particular solution as for
subsonic flow. Recall that <t>\ has a boundary condition at in-
finity proportional to P'tanA as a result of matching to the
outer solution. In the subsonic case, the particular solution
has an outer limit of the same form and same order as the
boundary condition. In the transonic case, it happens that
the outer limit of the particular solution exactly matches the
boundary condition to the lowest order. For unsteady flow,
transonic scaling requires k=T2/3. Then, the order-0 inner
equation is transonic and unsteady, regardless of e.

In viscous lifting line theory, by assuming that the outer
limit of the inner problem is still irrotational, it follows that
the matching results are the same as for inviscid flow. As
usual, it is desired that the inner problem be two-dimensional
to at least first order (more generally, an infinite-aspect-
ratio, yawed wing). For the span wise derivatives in the
viscous equations to be of second order or smaller requires
only that the Reynolds number based on the chord be order
1 (Re=l, viscous domain of the order of the chord) for
upswept wings or Re=e~l for swept wings. In fact, the
Reynolds number is five or six orders larger than e'1 for
helicopter rotors. Hence, the lifting line assumption is easily
satisfied regarding viscous transport, since the equations im-
ply that the viscous effects are confined to thin layers. What
must really be considered is the geometry of the flowfield,
such as large-scale separation, that results from the introduc-
tion of viscosity; that geometry must vary slowly in the span-
wise direction.

Rotary-wing lifting line theory must be developed in a
rotating and translating coordinate system, where the wing
velocities vary along the span and with time. The geometry
of the wing (possibly swept) relative to the moving frame can
be described just as for a fixed wing. Basically, the inner
problem remains two-dimensional and the inner limit of the
outer problem looks like a nonrotating wing. Therefore,
rotation of the wing introduces some complications, but no
major assumptions beyond those needed for the fixed wing.
For the incompressible case, the flow is still described by
Laplace's equation in the matching domain (irrotational
flow); thus, rotation of the wing enters only through the
boundary conditions and the wake geometry. For the com-
pressible case, additional Coriolis and centrifugal-type terms
appear in the equations of motion. The consequence is just
another inhomogeneous term proportional to My in the <t>\
equation. In the inner limit of the wake solution, it is ap-
propriate to neglect the vertical component and the spanwise
variation of the magnitude and sweep angle of the freestream
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velocity and to assume a small retarded time for the com-
pressible flow. The result is identical to the inner limit for a
fixed wing. Van Holten141'143 developed a second-order
lifting line theory for a rotary wing using the method of
matched asymptotic expansions. The effects of sweep and
unsteady motion were considered for inviscid and incom-
pressible flow. An analytical inner solution was obtained for
a thin wing; the acceleration potential was used, implying an
undistorted wake geometry. Vaidyanathan and Pierce156'157

applied Van Holten's theory to the calculation of rotor air
loads. For a better wake geometry, the mean induced veloc-
ity was included in the nonrotating frame air velocity. A dis-
cretized version of the theory was developed in place of
numerical integration over the wake age to reduce the com-
putation times.

Conclusions
The progress in development of advanced computational

methods for rotary-wing aerodynamics has been reviewed. It
is a measure of the speed at which progress is being made
that numerous papers have been published in the field since
this review was prepared, with a number of notable achieve-
ments and several interesting comparisons of methods for par-
ticular problems.158'159

Key aspects of helicopter aerodynamics are the importance
of the wake influence in almost all problems and of the
viscous effects, particularly in stall and wake formation, for
even moderate operating conditions. Lifting line theory will
remain the foundation for general rotary-wing aerodynamics
calculations as long as it is the only practical viscous method
for rotors. Lifting line theory is both more widely applicable
and more complex than is generally acknowledged. Despite
its usefulness and success, it requires numerous approxima-
tions and assumptions. Developing an improved or higher-
order lifting line theory would likely require further approx-
imations in order to maintain the practicality of the method.
So further advances will come by developing methods to
replace the lifting line theory.

In the lifting surface theory, the use of the acceleration
potential precludes incorporating a distorted wake in any
simple manner and the kernel is fundamentally more com-
plicated than for fixed wings. Hence, the theory will never be
the basis for a general-purpose analysis of helicopter rotors,
but it does provide a sound starting point for simplified
models, such as a compressible dynamic-inflow theory.

In panel methods for helicopter fuselages, it is still not
possible to accurately model separation. The influence of
a rotor on the body has been considered using only actuator
disk models of the rotor, yet it is known that the unsteady
body loads are significant. Rotor calculations have been ap-
plied to hover only, again in the steady case. A true com-
pressible method is needed for rotors and panel methods
should be applied to unsteady problems. More work will be
required on free-wake geometry models as a part of the
panel methods.

In transonic flow problems on rotors, the Euler equations
are beginning to be solved for phenomena that are inviscid
but not irrotational and isentropic. The Euler equations may
enable calculations of the tip vortex formation, but there are
unquestionably viscous effects that will require solutions of
the Navier-Stokes equations. For some time, it will remain
necessary to restrict the extent of the computation domain in
such methods; so it will continue to be necessary to develop
techniques to couple the finite difference methods with
global models of the rotor wake and blade motion.

Continued work on predicting dynamic stall must include
methods for cases dominated by the leading-edge vortex.
Turbulence modeling naturally constitutes a major limitation
on the calculation of helicopter flowfields. Current investiga-
tions do not indicate any universally accepted approach for
wake modeling. A rigorous and direct attack on the problem
of wake formation and development is needed, for it is the

wake that most distinguishes the rotary-wing problems from
their fixed wing counterparts.

The goal of turbulent Navier-Stokes calculations for an
entire rotorcraft is not in sight, but the capabilities of cur-
rent algorithms and machines at least make it possible to
begin work on the problem, with good prospects for prog-
ress. Advances in helicopter aerodynamic computations will
continue to be made by considering idealized and model
problems and by the use of hybrid methods to produce effi-
cient and practical tools.
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